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P re fa ce
This report  is being published s im ultaneously  as a R e se a rch  R eport o f  the 
UICSM M athem atics P r o je c t  and as a rep ort  o f  the Coordinated  Science 
L a boratory . It rep resen ts  a portion  o f  the resu lts  of the UICSM study of 
p h ys io log ica l  c o r re la te s  o f  human learn ing . The m a ter ia l  c o v e r e d  in this 
report  su p ersed es  a le s s  genera l approach  to the p ro b le m  w hich was treated  
in an appendix and an addenda to CSL rep ort  R -198 , Heart Rate C orre la tes  
of Insight. A m o re  pow erful group of tests  is m ade available by this genera l 
approach  and lim itations and assum ptions  of the prev iou s  m ethods have been  
m ade m o r e  exp lic it .
The m ost  stra ightforw ard  m e a su re  of a p e r io d ic  phenomenon is the length 
of time between s u c ce s s iv e  phenomena, i. e. the “ p e r io d ” . Given the p e r io d  
and the time of o c c u rr e n c e  of any one event of a sequence of p e r io d ic  events, 
the exact tim e of o c c u rr e n c e  of any other event is  com p le te ly  determ ined . 
S im ilarly , a change in p e r iod  is a d ire ct  ind ication  of a change in its r e c ip r o c a l ,  
the rate of events. Unfortunately, in situations w here  large  num bers  o f  events 
are o b se rv e d ,  the detection, re cord in g ,  and analysis  of betw een -event t im es  for  
the purpose  of determ ining the p re se n ce  and magnitude of rate changes m ay  be 
im p ra ct ica l .  An alternative is the counting o f  the num ber of events, k , 
happening in the nth of N time in tervals  of equal duration, t. The exp ected  
value of k, E(k), is then estim ated  by
NE k
k = n= 1
n
N
the rate of events per unit tim e, p, by
N
E kc—, n
r = n= 1Nt
and the per iod , —, by —. F or  t > —, k > 1, that is , when the duration o fP r  p
the exam ination interval is lon ger  than the t im e betw een s u c ce s s iv e  events, the 
average num ber of events counted within each  exam ination  interval w ill  e x ce e d  
unity. As a resu lt, few er m e a s u re s  need be r e c o rd e d  than if each  betw een - 
event tim e was m easu red . This e co n o m y  in in form ation  storage  is o f fse t  to 
som e extent by a lo ss  in the p r e c is io n  with w hich  the m om ent of o c c u r r e n c e  o f  
a rate change m ay  be detected . An optim um  tim e interval would be long enough 
to reduce the total num ber of item s o f  in form ation  re c o rd e d  but short enough to 
allow  points of rate change to be lo ca ted  within d e s ire d  l im its  o f  p re c is io n .
2An im m ediate  consequence  o f  su ffic iently  large  changes in p er iod  (and 
hence in rate) w ill  be changes in the num ber of events within tim e in terva ls , 
e. g. if 10 events o c c u r  in one interval and 25 in another, a rate change m ight 
be assu m ed  to have o c c u r r e d .  The ob je c t ive  of this paper is to show with what 
probability  d if fe ren ces  between num bers of o b s e rv e d  events within a pair  of tim e 
intervals  m ay  be a s c r ib e d  to sp ec if ied  changes in rate o f  a p e r io d ic  phenomenon.
In the exam ple given above it m ight be requ ired  to say with what probability  the
o b se rv e d  d iffe ren ce  of (25 - 10) = 15 events m ight be a s c r ib e d  to an actual rate
. / •
change of 0, 5, 10, 12, e t c . ,  events per  interval. Such m e a s u re s  are va lid  fo r  
the c la s s  of phenomena, such as human heart rate, fo r  w hich magnitude of rate 
change is re la t ive ly  unrelated  to base rate (Kaelbling, King, Achenbach, Branson, 
and P asam anick  (I960), A vner (1964)).
D istribution M odel
Two genera l situations in which p a irs  o f time in tervals  m ight be co m p a re d  
w ill be co n s id e re d ;  (I) pa irs  o f nonadjacent in terva ls ,  and (II) p a irs  o f  adjacent 
in terva ls .  B asic  assum ptions which w ill  be m ade a re ;  (1) all events are  of equal 
duration, (2) events o c c u r  at som e p e r io d ic  rate w hich is un iform ly  d istributed  
o ver  the range o f  o b se rv e d  rates, and (3) changes fro m  this rate are instantaneous 
and always to another p e r io d ic  rate. The num ber of events in each  interval is 
then co m p le te ly  determ ined  by; (a) the tim e of o c c u r r e n c e  of at least one event 
in each  interval (o r  in either interval fo r  the adjacent interval ca se ) ,  (b) the t im e 
of o c c u r r e n c e  o f  all rate changes within the two in terva ls ,  and (c )  the initial and 
final rates fo r  the f ir s t  rate change in each  interval (o r  in the f ir s t  interval alone 
for  the adjacent interval ca s e )  and final rates for  all changes in both intervals  
therea fter .  Three additional assum ptions are  m ade w hich s im p lify  the situation 
while not s e v e r e ly  lim iting the gen era lity  of the findings. These additional 
assum ptions  a re ;  (4) events are  of z e r o  duration, i. e. are im p u lses ,  (5) no m o r e
3than one rate change is exp ected  in any two intervals  ch osen , and (6) rate changes 
o c c u r  between the two in terva ls ,  i. e. at the boundary betw een ad jacent intervals  
or  a fter  the f irs t  and b e fo r e  the secon d  o f  two nonadjacent in terva ls .  A ssum ption  
5 requ ires  that the duration of in terva ls  be ch osen  sm a ll enough that the p r o b a ­
bility  of a rate change in any given in terval w ill  be a r b i t r a r i ly  sm a ll .  The lo w e r  
bound o f  interval duration has, how ever , been  set at — fo r  rea son s  o f  re co rd in g
r
econ om y. Use o f  the m ethod  outlined in this paper  is  not re co m m e n d e d  when rate 
changes o c c u r  with freq u en c ies  approaching p. A ssum ption  6 is m ade s ince  this 
is the condition  under w hich  m ax im u m  e ffe c ts  o f  d i f fe re n ce s  in event rates w ill  be 
expected . The e f fe c ts  o f  this assu m ption  w ill  be exam ined  in detail at a la ter  
point.
In the gen era l case  o f  p e r io d ic  events o f  z e r o  duration o c c u r r in g  within 
finite in terva ls  o f equal duration, the num ber of events , k, o b s e r v e d  in any given 
interval w ill  be one o f  the in tegers  A or  A + 1, such that A  < E(k) < A + 1 
w here  E(k) is the exp ected  value o f  the num ber of events p er  in terva l.  It fo llow s  
that the p robab ility  of a given interval containing A or  A + 1 events w ill  be given 
by
(1) P( A  | E(k)) = [1 - E(k) + A]
(2) P (A  + 1 | E(k)) = 1 - P( A  | E(k)) = [E(k) - A]
Except w here E(k) = A, there  w il l  always be c a s e s  o f  ad jacent in terva ls  d iffer ing  
by one event when events are  actually  o c c u r r in g  at a constant rate. Given som e 
initial va lue, E ik ^ ,  and som e new value, E(k2 ), o f  E(k), the probability ,
P [(k2 - k 1)|E(k1), E(k2 )], o f  the ob se rv a t io n  of any given  d i f fe re n ce s  in num ber 
of events betw een an interval fo r  w hich  E(k) = E(k2 ) and an in terva l fo r  w hich 
E(k) = E (k1) m ay  be e a s i ly  d er ived .
4I. Nonadjacent interval c a s e . In the ca se  of nonadjacent intervals  an unknown
num ber of rate changes can o c c u r  at unknown t im es betw een the two in terva ls .  
An initial le v e l  E (k1) ex is ts  in the f i r s t  in terva l p roducing  e ither A ± o r  
(A x + 1) events while a final leve l  E(k2 ) ex ists  in the last  interval producing  
either A 2 o r  (A 2 + 1) events. F or  given va lues  of E ik ^  and E(k2 ), 
p rob a b il i t ie s  of actual events are  com pu ted  by equations (1) and (2). Since 
E(k2 ) m ay  be the resultant of a num ber o f  unknown changes betw een  the two 
in terva ls ,  P i A ^  or  P (A 1 + 1) are  independent o f  P (A 2 ) o r  P (A 2 + 1) and 
the p robab il ity  of a given d if fe re n ce  would be the sum of the p rob a b il it ie s  o f 
all w ays of obtaining that d i f fe re n ce .  F or  exam ple , i f  events o c c u r  in 
the f i r s t  in terval and (A 2 + 1) events o c c u r  in the last  interval, the o b s e r v e d  
d if fe re n ce  is (k2 - k 1) = [(A2 + 1) - A^J. This d i f fe re n ce  w il l  o c c u r  with 
p robab ility ;
p [ (k 2 - k 1) = (A 2 - A 1 + D l E l k ^ ,  E(k2 )] = P fA ^ P lA . ,  + 1)
P rob a b il it ie s  o f all other d i f fe r e n c e s  are  s im i la r ly  d er ived . If 
(k2 " k i )  -  D >
(3 )a P (D  < A 2 - A x -  1) = 0
b P(D  = A 2 - A 1 - 1) = P (A 1 + 1 )P (A 2 )
c P (D  = A 2 - A 1) = P (A 1)P (A 2 ) + P (A 1 + 1 )P (A 2 + 1) 
d P(D  = A2 - A 1 + 1) = P (A 1)P (A 2 + 1)
e P (D  > A 2 - A ± + 1) = 0
Note that the range o f  D is (A 2 - A 2) ± 1. Since a d i f fe re n ce  m e a s u re  is  
used, the p a ra m e te rs  E (k 1) and E(k2 ) m ay  be rep la ced  r e sp e c t iv e ly  by cr 
and (cr + A7) w here
(4) o- = [ E ^ )  - A 1], and
(5) Ar = [E(k2 ) - E (k1)], the rate change in events p e r  interval,
5with equation (3) holding as b e fo r e .  With this substitution the p robab ility  
o f  a given d if fe ren ce  in events betw een two nonadjacent in terva ls  is s o le ly  
a function o f  (1) the d i f fe re n ce  (A 2 - w hich  d e term in es  the m idpoint o f
the p o ss ib le  range o f  D and (Z) the re lation  o f  Eik^) to and E(k2 ) to 
A 2 w hich d eterm in es  P iA ^ ,  P (A 2 ), P (A 1 + 1), and P (A 2 + 1). F or  this 
reason  all c a s e s  fo r  w hich  values o f  c  and are  identica l w il l  have the 
sam e d istr ibution  o f  o b s e r v e d  d i f fe re n ce s  in even ts .
II. Ad jacent interval c a s e . F or  the ca se  of ad jacent in terva ls  P (A 1) or
PfA-j  ^ + 1) is not independent o f  P (A 2 ) o r  P (A 2 + 1). This fo l low s  fro m  
assum ptions  (Z) and (3) w hich  hold that events , even  under conditions of 
rate changes, w ill  a lw ays be re lated  to p e r io d ic  functions . Another way 
of stating this assu m ption  is
( 6 ) m l pm l + Tm ZPmZ + T .p . + . . . Tm j 'm j m J Hm J = 1
w here  T . is the jth  in crem en t  o f  t im e on the m th in terva l o f  tim e m j J
betw een two events such that
Tm
is the total t im e betw een  the two events and o . is the rate o f  events p er'm j  r
unit tim e during . In the adjacent in terva l ca s e  the resu lt  o f each  new
p . is o b s e r v e d  as an e f fe c t  on the total num ber o f  events in one o f  the
two in terv a ls .  Since by assu m ption  (5) at m o s t  one event would be exp ected
in two in terva ls ,  equation (6) m ay  be s im p li f ie d  t o T  ,p  , + T ~p -,=  1
and we m ake concentra te  on the e f fe c t  o f  the single rate change. The
length o f  t im e, T 2 , f r o m  a point o f  rate change to the f i r s t  event fo llow ing
1 -  T i P ithe rate change is then determ in ed  as T 2 = --------------- , w here  T 1 is the
P 2
length of tim e fro m  the event im m ed ia te ly  p re ce d in g  the rate change to the 
point o f  rate change, and p± and p2 are  r e s p e c t iv e ly  the rates of events
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p reced in g  and fo llow ing  the rate change. F or  a given T 1, p 1, and p2 , the 
va lues o f  k x and k2 are  thus co m p le te ly  d eterm ined  in the ad jacent in terval 
c a s e .  Under assum ption  (6), rate changes w il l  o c c u r  only at the boundary 
betw een the two in terva ls .  When T 1 is a llow ed  to v a ry  o v e r  its entire range, 
f ro m  —  to z e r o ,  TA w ill  range f r o m  z e r o  to — and if va lues  ofP i  2 P2
D = (k2 - k x ) are noted the fo llow ing  re la tions  w ill  be found;
(7)a P(D < A2 - A 1 - 1) = 0
b P(D = A 2 - A x -  1) = inf [P (A X + 1), P (A 2 )]
c P(D = A 2 - A J  = sup [P (A 1), P (A 2 + 1)] - inf [P (A 1)f P (A 2 + 1)] 
d P(D = A2 - A 1 + 1) = inf [P (A 1), P (A 2 + 1)]
e P(D > A 2 - A 1 + 1) = 0
w here  inf [ ] is the s m a l le r  o f  the va lues  in [ ] w here  they are  unequal, o r  
e ither  value if they a re  equal; sup [ ] is the la r g e r  o f  the va lues in [ ] w here  
they are  unequal, o r  e ither value i f  they are  equal; and P(A) and P (A  + 1) 
are  determ in ed  fro m  equations (1) and (2) a fter  setting E(k) = w here  t 
is  the duration o f  an ob se rv a t io n  in terva l.  Since only d i f fe re n ce s  in num bers  
o f  events are o f  in terest ,  cr and (d + A') m a y  again be substituted fo r  E (k 1) 
and E(k2 ) by using the re lations  in equations (4) and (5 ). With this 
substitution, the d istr ibu tion  o f  d i f fe re n ce s  is once  m o r e  a function only o f  
the d i f fe re n ce s  (A 2 - A x ) and of the re la t ion  o f  each  E(k) to each  A.
G eneration  o f  D istributions
Using equations (3) and (7), com p u ter  p r o g r a m s  w hich d eterm ined
1
P(D|A') = 2 1  P(D|cr, A') 
cr= 0
w ere  w ritten  both fo r  the ca se  o f  ad jacent in terva ls  and nonadjacent in te rv a ls .
Summation o v e r  the full range o f  cr w as p e r fo r m e d  under the assu m ption  that
the range o f  E(k) is g re a te r  than unity and that e v e r y  value o f  <r was equally  l ik e ly .
7If the range o f  E(k) does e x ce e d  unity all va lues  o f  cr w ill  be p o ss ib le  with som e
p
probab ility .  Under assum ption  (2), p and hence (-—  A) = cr is un iform ly  
d istr ibuted . If the range of E(k) does not e x ce e d  unity, no D > 2 w ill  be 
p o ss ib le ;  thus a ch eck  on the va lid ity  o f  this assum ption  is available fo r  individual 
c a s e s .  An assum ption  that e v e r y  value o f  cr is equally  like ly  would a lso  be 
defensib le  w henever  the range o f  E(k) e x ce e d e d  unity and the d istr ibution  o f  p 
was unknown. The un iform  continuous d istr ibu tion  of cr was approx im ated  by a 
finite u n iform  d istr ibution . The num ber o f  va lues o f  cr in the d istribution  cou ld  
be v a r ie d  in the p r o g r a m s .  T r ia l  com putations indicated  that, as the num ber of 
term s  approached  4,000 fo r  the ad jacent in terva l p ro g ra m  and 20,000 fo r  the 
nonadjacent interval p ro g ra m , the com pu ted  P(D|A7) approached  lim iting va lues  
to 8 d ec im a l p la c e s . D istributions o f  cr o f  0 .00000 (.00025)0.99975 and
0.00000( .00005)0.99995 w e re  used  re s p e c t iv e ly  fo r  the final adjacent and non ­
adjacent interval p r o g r a m s .  Values of A' u sed  w e re  0 .0 (0 .1 )2 .0 .  P ro b a b il i t ie s  
of o b s e r v e d  d if fe re n ce s  o f  m agnitude D, g iven  rate shifts of magnitude A' are  
given to four  d e c im a l p la ces  in Table 1 in the co lum ns headed P(D|A). Since D 
is r e s t r ic t e d  to the range A' ± 2 it is p o ss ib le  to co n s tru ct  a gen era l table based  
on a tra n s form a tion  o f  A', i . e .  A = (A' - D). As an exam ple o f  the use of Table  1 
to determ ine  P(D|A7) suppose that it is d e s ir e d  to know with what p robab il ity  a 
d if fe ren ce  o f  four  events betw een nonadjacent in terva ls  can be exp ected  when an 
actual rate change o f  3 .4  events has o c c u r r e d ,  that is , P(D = 4 1 A7 = 3 .4 ) .  In 
this ca s e  A = (A7 - D) = —. 6 .  Negative va lues  o f  A are  given in the r ig h t -m o s t  
co lum n o f  the table and co lum n titles  are  read  fro m  the bottom  row  o f  the table 
fo r  negative va lues of A. In the ca s e  o f  P(D|A) the d istribution  is s y m m e tr ic a l  
about A = 0 so P(D|A = x) = P(D|A = — x ) .  F or  the exam ple given,
P(D = 4 1 A7 = 3 .4 )  = P(D = 4|A = - . 6 )  = .4 1 4 7 .  If the in terva ls  had been 
adjacent, P (D  = 4|A = —.6 )  = .4 1 0 0 .
8N onadjacent Intervals A d jacent Intervals
A P(D A) P (A * > A  D) P(A* < A D) P(D A) P (A * > A  D) P (A * < A  D)
0.0 .6667 .5000 .5000 .5000 .5000 .5000 0.0
0.1 .6572 .4337 . 56 63 .4975 .4501 .5499 - o . l
0.2 .6307 .3691 .6309 .4900 .4007 .5993 - 0 .2
0.3 .5902 .3080 .6920 .4775 .3523 .6477 - 0 .3
0.4 .5387 .2515 .7485 .4600 .3053 .6947 - 0 . 4
0.5 .4792 .2005 .7995 .4375 .2604 .7396 - 0 .5
0.6 .4147 .1558 .8442 .4100 .2180 .7820 - 0 .6
0.7 .3482 .1177 .8823 .3775 .1786 .8214 - 0 .7
0.8 .2827 .0861 .9139 .3400 .1427 .8573 - 0 .8
0.9 .2212 .0610 .9390 .2975 .1107 .8893 - 0 .9
1.0 .1667 .0417 .9583 .2500 .0833 .9167 - 1 .0
1.1 .1215 .0274 .9726 .2025 .0607 .9393 - 1 .1
1.2 .0853 .0171 .9829 .1600 .0427 .9573 - 1 .2
1.3 .0572 .0100 .9900 .1225 .0286 .9714 - 1 .3
1.4 .0360 .0054 .9946 .0900 .0180 .9820 - 1 . 4
1.5 .0208 .0026 .9974 .0625 .0104 .9896 - 1 .5
1.6 .0107 .0011 .9989 .0400 .0053 .9947 - 1 .6
1.7 .0045 .0004 .9996 .0225 .0022 .9978 - 1 .7
1.8 .0013 .0001 .9999 .0100 .0007 .9993 - 1 .8
1.9 .0002 .0000 1.0000 .0025 .0002 .9998 - 1 .9
2.0 .0000 .0000 1.0000 .0000 .0000 1.0000 - 2 .0
P(D A) P (A *<  A 1 D) P(A* > A 1 D) P( D 1 A ) P (A *<  A 1 D) P(A* > A 1 D) A
Table 1
Notes — 1. A = (Ar - D) w here  A' is a rate change and D is an o b s e rv e d  
d if fe ren ce  in events betw een two in te rv a ls .  F or  negative values 
o f  A, use co lu m n  titles at the bottom  o f  the table, f o r  posit ive  
A use co lu m n  titles at the top of the tab le .
2. A * is the unknown real value o f  A w hich  has p rod u ced  an o b s e r v e d  
d if fe ren ce  in events , D.
3. D = (k2 - k x ) w here  k x is the num ber o f  events o b se rv e d  in an 
interval and k2 is the num ber o f  events in som e  la ter  in terva l.
If k2 r e fe r s  to the in terva l im m ed ia te ly  fo llow ing  the interval 
f o r  which k 2 events are  o b s e rv e d ,  the co lum ns headed 
“ Ad jacent In terva ls ”  apply, o th erw ise  use the colum ns headed 
“ Nonadjacent In terva ls ” .
9When D is used  as an estim ate  o f  A', the “ p o s te r io r  p robab ility ,  ’ ’ P(A'| D), 
is o f  m o r e  in terest  than P(D| A '). Since A' has a continuous d istr ibu tion  the 
probab ility  o f  any sp e c i f ic  value o f  A' is z e r o  and only the p robab il ity  o f  a range 
of values of A' can be n o n -z e r o ,  e . g .  P(A* < A | D), w here  A* is the unknown 
actual value of A and A = (A' - D). By m o d if ica t io n  of Bayes th eorem
J  P (c )P (D  | c )d c  
P(A* < A|D) = c-= ~°°-------------------------1 - f o o
J ~  P (c  )P( D | c )dc 
c -  ~ 0 0
but P (c )  = P(A) = s ince  A is u n ifo rm ly  d istr ibuted  as — 2 < A < 2
+00
and f  P (D |c)dc = 1, hence 
c = — 0 0
1 ,
4 J  P{ D I c )dc
P(A* < A|D) = — c = T ” ------------------  = P(D|A* < A ).
I '  1
An integrab le  e x p re s s io n  fo r  P(D|A) is n e c e s s a r y  b e fo re  PÍA* < A | D) can  be 
d eterm in ed . The values o f  P(D|A) g iven  in Table 1 can be exa ct ly  d e s c r ib e d
by the e x p re ss io n s  given in Table  2, w hich  m ay  be a r r iv e d  at by use o f  orthogonal
/
p o lyn om ia ls  (M ilne, 1954). These e x p re s s io n s  a lso  exact ly  d e s c r ib e  com puted  
values o f  P(D|A) to the eight d e c im a l p la ce s  or ig in a lly  d eterm in ed  and can 
p robab ly  be assu m ed  to be adequate to d e sc r ib e  P(D|A) fo r  va lues  o f  A not 
given in Table 1.
10
N onadjacent A d jacent
Intervals Intervals
CO1V<1 p ( d | a ) -  o p ( d |a ) = o
- 2  <  A <  - 1 = £ ( 2  + A)3 = i ( 2  + A)2
oV|<1VI1 =  J  - A2 - I a3 = i  - i - A 22 4
°  <  A <  1 = !  - A2  +  I a 3 = -  - - A 22 4
1 <  A <  2 = ¿ ( 2  -  A )3 = | ( 2  -  A )2
2 <  A = 0 = 0
Table 2
Integrable E xp ress ion s  w hich R eproduce  Values o f  P(D|A) in Table 1.
Values of P(A* < A | D) w e re  com pu ted  using the e x p r e s s io n s  given in Table 2 
A
for  J~ P(D | c )d c  = P(A* < A | D). Values of P(A* > A | D) = 1 - P(A* < A | D) 
c = —
w ere  a lso  com puted  and both are  g iven  in Table 1. As an exam ple of the use  o f  
Table 1 to determ ine p o s t e r io r  p r o b a b il i t ie s ,  suppose that 12 events are 
o b s e rv e d  in one interval and 11 events in the in terva l im m ed ia te ly  fo llow ing .
The value o f  D is then —1 and the d istr ibution  of ad jacent in tervals  ap p lies .  If 
it is d e s ir e d  to know with what p robab il ity  the d i f fe re n ce  cou ld  have resu lted  
fro m  a rate change g re a te r  than z e r o ,  A is determ in ed  fo r  D = -1  and A' = 0, 
i . e .  A = (A' - D) = 1. F o r  A = 1 . 0 ,  P(A* > A | D) = .08 3 3 , that is ,  the 
probab ility  that a given A' g re a te r  than or  equal to A' = 0 cou ld  have cau sed  a 
D = —1 is .0833 to four d ec im a l p la c e s .  S im ilar ly , P(Aí¡< < A | D) = .9167 to 
four p la c e s .  Note that fo r  p o s t e r io r  p rob a b il i t ie s  when A is negative the co lu m n  
titles at the bottom  row o f  the table m ust be u sed .
At this point it w ill  be w ell  to exam ine one o f  the initial assum ptions  m ade 
in deriv ing these d istr ibutions , nam ely  the assu m ption  that rate changes o c c u r ,  
if  at all, only between the two in terva ls  exam ined . In rea lity  it is quite l ik e ly  that 
rate changes m ight o c c u r  within one o f  the in terva ls  in question . An exam ple  w ill  
se rv e  to dem onstrate  the e f fe c t  o f  such an o c c u r r e n c e .  Suppose a rate change, A,
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of + 2 .0  events p e r  interval o c c u r s  in the m id d le  of the third o f  a s e r ie s  o f  five 
in tervals , “  1 ’ ’ , ‘ ‘ 2’ ’ , “  3 ”  , “  4 ’ 1, and “  5’ ’ . Since the rate change w ill  be in 
e f fe c t  fo r  half o f in terva l 3 it w ill  p rodu ce  the sam e e f fe c t  f o r  the adjacent 
co m p a r iso n s  2 with 3 o r  3 with 4 as a rate change o f  1.0 event p er  in terval. 
Only for  nonadjacent co m p a r is o n s  such as 2 with 4 o r  1 with 4 w ill  the full 
e f fe c t  o f the rate change be evident. The p ro b a b il i t ie s  o f  o b serv in g  variou s  
values o f  D fo r  som e p o ss ib le  c o m p a r is o n s  m ade betw een  the five  d ifferent 
intervals  are  shown in Table 3. It w ill  be noted that using the in terval within
D
C om pared
Intervals D istribution 0 + 1 + 2 +3
2, 3 A djacent .25 .50 .25 .00
3, 4 A djacent .25 .50 .25 .00
2, 4 N onadjacent .00 .17 .67 .17
1, 3 Nonadjacent .17 .67 .17 .00
Table 3
P ro b a b il i t ie s  of O bserv ing  V ariou s  D if fe re n ce s  in N um ber o f  Events 
When a Change A = +2.0 O ccu rs  in the M iddle of Interval 3.
w hich  a rate change has o c c u r r e d  as one o f  the two in terva ls  fo r  a c o m p a r is o n  
has the e f fe c t  o f  d e c re a s in g  the p robab ility  that the la r g e r  p o ss ib le  d i f fe re n ce s  
w ill  be o b s e rv e d .  This has a ser iou s  e f fe c t  on ad jacent co m p a r is o n s  s ince  it 
d e c re a s e s  the p o ss ib i l i ty  that a change in rate w il l  be d etected . In the non ­
adjacent ca se  the e f fe c t  is quite ben e f ic ia l  f o r  c o m p a r is o n s  m ade a c r o s s  a s ingle 
intervening in terva l.  There  is no d e c re a s e  in the p rob a b il ity  o f  ob se rv in g  the 
la r g e r  p o ss ib le  d i f fe re n ce s  when the rate change is  betw een  the two c o m p a r is o n  
intervals  and, as with the adjacent interval c a s e ,  when the rate change o c c u r s  
within one o f  the co m p a r is o n  in terva ls  its e f fe c ts  are  d e c r e a s e d .  The o v e ra l l  
resu lt  fo r  the nonadjacent ca s e  is that the in terva l within w hich  a rate change
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actually  o c c u r s  and the m agnitude of this rate change have a m ax im u m  lik lihood  
of being c o r r e c t ly  identified . When rate changes o c c u r  within in terva ls ,  D 
b e c o m e s  an estim ate of e f fe c t ive  A rather than the actual A . F or  ad jacent 
interval c o m p a r iso n s  the e ffec t ive  A, A^^ is equal to the actual A only when 
the rate change o c c u r s  betw een the two in terva ls .  As the rate change o c c u r s  
further and further fro m  the boundary betw een the two in terva ls  A^^ d e c r e a s e s  
until it equals z e r o  when the rate change o c c u r s  at an outside boundary . If a rate 
change o c c u r s  within an in terva l there  are  two ad jacent in terva l c o m p a r is o n s  
w hich w il l  be a ffected , that fo r  w hich  the in terval containing the rate change is 
c o m p a re d  with the p reced in g  interval and that fo r  w hich  it is c o m p a re d  with the 
fo llow ing  in terval. The la rg e s t  D resu lting f r o m  these co m p a r is o n s  is o f  m o s t  
in terest  s ince  it is the better  estim ate  of A . The Ag^  causing the la r g e s t  D has 
a m in im um  value of - -^A, o c c u rr in g  when the rate change happens in the m iddle  
of an interval, and as a rate change is equally  l ik e ly  to o c c u r  at any point within 
an in terva l the expected  value o f  A^^ is — A . The use o f  nonadjacent intervals  
guarantees that fo r  each  rate change there  w ill  be at le a s t  one in terva l c o m p a r is o n  
fo r  w hich  A£^  = A, i. e. the co m p a r is o n  betw een  an in terva l p re ce d in g  that in 
w hich the rate change o c c u r s  and an in terva l fo llow ing  it. F or  m ax im u m  p r e c is io n  
in identifying single points of rate change, only one interval should separate  the 
two nonadjacent c o m p a r is o n  in terv a ls .  In e ither  the ad jacent o r  nonadjacent 
in terval c o m p a r is o n  a value of D m ay  be ass ign ed  to each  in terva l and the 
m axim um  D in any pa ir  o f  ad jacent in terva ls  w ill  be the best  m e a s u re  o f  a rate 
change in the two in terva ls .  M o r e o v e r ,  the in terval a ss ign ed  the m axim um  D 
would be the m o s t  l ik e ly  lo ca t io n  of a p o ss ib le  rate change if  nonadjacent 
co m p a r is o n s  are  m ade . If ad jacent co m p a r is o n s  are  m ade , the in terva l ass ign ed  
the m ax im u m  D and the fo llow ing  in terva l are equally  l ik e ly  to contain  the 
p o ss ib le  rate change. In the rem ain d er  o f  this paper when D is r e fe r r e d  to it 
w ill  be understood  that a m ax im u m  D fo r  som e  sm all num ber o f  ad jacent in terva ls  
is im p lied .
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The determ ination  o f  the magnitude of A is the final p ro b le m  w hich  w ill  be
c o v e r e d .  One m e a su re  fo l low s  fro m  the fact  that the range o f  D is within A±2.
Since A ^  \ A only the bound w hich  is sm a lle r  in magnitude can be d eterm ined
in this way when a single D is ca lcu la ted .  As an exam ple , i f  D = 2, A m ust be
g rea ter  than z e r o  and the upper bound w ill  be unknown un less  |d | < 2 is true
in the two adjacent in terva ls .  In this ca s e  it is p o ss ib le  to say that 0 < A < 4.
S im ilar ly , if  D = - 1 ,  A m ust be le s s  than 1 and, if  |d | < 1 is true in the
adjacent in terva ls ,  —3 < A <■ 1. A  s im ila r  approach  m ay  be u se d 'to  identify
all rate changes g re a te r  than som e s e le c te d  va lue. A typ ica l o b je c t iv e  would be
the d etect ion  of all true rate changes, i . e .  all c a s e s  w here  A > 0. This cou ld
be attem pted with a test o f  the fo rm  D > c by w hich  the hypotheses  that A = 0
would be re je c te d  w henever  a value o f  D gre a te r  than som e constant, c, was
o b s e r v e d .  Table 4 shows the p ow er  o f  three such tests  to r e je c t  the hypothesis
of A = 0 when it is fa lse .  Values g iven  fo r  adjacent interval tests  assu m e that 
3
Ae ff -  ^ A .  The m o st  pow erfu l tests  are those fo r  w hich c = 0 and am ong these 
the ad jacent interval test  is m o s t  p ow erfu l fo r  |a | < .5294 while the nonadjacent 
is m o s t  pow erfu l e lse w h e re .  A m ong tests  fo r  w hich  c = 1, the adjacent interval 
test is  m o r e  pow erfu l fo r  | A | < .8438 and the nonadjacent fo r  | A | > .8438. 
D espite the g rea ter  pow er of tests  o f  the fo r m  D > 0 there  is a m a jo r  draw back  
to their  u se . The p robab ility  o f re je c t in g  the hypotheses A = 0 when it is true 
is .33 and .50 r e sp e c t iv e ly  fo r  the nonadjacent and adjacent in terva l tests  with 
c = 0. F o r  the tests  with c _> 1 the probab il ity  o f  m aking this e r r o r  is  z e r o  
but at the c o s t  o f a s a c r i f i c e  in p o w e r .  If the test c r i te r io n  is  the m in im iza t ion  
of both the e r r o r s  o f  re je c t in g  a true hypothesis  o r  failing to r e je c t  a fa lse  
hypothesis , the nonadjacent test  with c = 0 is best  fo r  A < 1.72 and the n on ­
ad jacent test with c = 1 is bes t  f o r  A > 1.72. The lack  o f  a u n ifo rm ly  b e s t  test  
m akes  it n e c e s s a r y  to evaluate each  testing situation individually . In som e c a s e s
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c = 0 c = 1 c = 2 R andom ization
A I II I II I II I
€ .33 .50 .00 .00 .00
oo
.05
.5 .52 .54 .02 .04 .00 .00 .12
1 . 0
CO00 .64 .17 .14
oo
•
oo
.29
1.5 lo oo .81 .50 .31 .02 .04 .57
2.0 1.00 .94 .83 .50 .17 .06 .87
2.5 1.00 1.00 .98 .69 .50 .34
0
0
O
'
3.0 1.00 1.00 1.00
0
0 .83 .52 1.00
Table 4
P ow er  of Four Nonadjacent and Th ree  A d jacen t Interval Tests
o f  the F o rm  D > c
Notes — 1. P ow er  of nonadjacent in terval tests  are  g iven  in co lum ns headed 
“ I”  and p ow er  o f  ad jacent in terva l tests  are  given in co lum ns 
headed “ II” .
2. e is n on zero  but e x tre m e ly  sm a ll .
3
3. A .... a ssu m ed  to be —A for  ad jacent interval tests .e ff  4 J
4 The random ization  test has a .05, see text fo r  deta ils .
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a co m p o s ite  null hypothesis  m ay s im p lify  m a tters  by a llow ing the p lacing o f  the 
bulk o f  the reg ion  in w hich the c = 0 test is best  within the null hypothesis  
reg ion . If this is done, a, the p robab ility  o f  re je c t in g  a true hypothesis , m u st 
be recom puted . Another a lternative is the use o f  a random ization  test at som e  
s e le c te d  a le v e l .  A  .05 le v e l  nonadjacent in terva l test  can be p e r fo r m e d  by 
re je c t in g  the hypothesis  that A = 0 w h enever  a D > 1 is o b s e r v e d  and, with 
p robab il ity  .15, when a D = 1 is o b s e r v e d .  The p ow er  of this test  is g iven  in 
the right co lu m n  of Table 4. Such a test  a llow s  som e  d egree  o f  c o m p r o m is e  
betw een  the re lative  d isadvantages o f  both the test  fo r  w h ich  c = 0 and that fo r  
w hich  c = 1.
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